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Photosynthesis has been a long-standing research interest due to its fundamental importance.
Recently, studies on photosynthesis processes also have inspired attention from a thermodynamical
aspect when considering photosynthetic apparatuses as biological quantum heat engines. Quantum
coherence is shown to play a crucial role in enhancing the performance of these quantum heat
engines. Based on the experimentally reported structure, we propose a quantum heat engine model
with a non-Markovian vibrational mode. We show that one can obtain a performance enhancement
easily for a wide range of parameters in the presence of the vibrational mode. Our results provide
insights into the photosynthetic processes and a design principle mimicking natural organisms.
PACS numbers: 03.65.Aa, 72.90.+y, 87.15.A-, 87.15.hj
I. INTRODUCTION
Photosynthesis, which occurs naturally in green plants,
bacteria, and algae, harvests solar energy and converts
it into chemical energy with approximately 100% quan-
tum efficiency under certain conditions [1]. Due to its
fundamental importance, the nanoscale structures and
the dynamics of the photosynthetic pigment-protein com-
plexes (PPCs) have attracted long-standing research in-
terest [2, 3]. In experimental reports on the long-lived
quantum coherence in PPCs [4–6], many open questions
associated with the presence of robust quantum coher-
ence against the surrounding environment have been dis-
cussed extensively, including its impact on the quantum
efficiency [7–9], the origin of long-lived quantum coher-
ence [10–13], the role played by the surrounding envi-
ronments [14, 15], and the non-Markovian memory effect
[16, 17].
Moreover, these studies also inspire attention from a
thermodynamical aspect when considering the PPCs as
biological quantum heat engines (QHEs) [18, 19]. The
typical QHEs, such as the working substance of a laser
and the semiconductor photocell, generically possess lim-
ited efficiency subject to the detailed balance between
absorption and emission of the pumping radiation [20].
For examples, Scovil and Schulz-DuBois showed that the
efficiency of the maser is described by a Carnot relation
[21]. Shockley and Queisser showed that the efficiency of
a photocell is limited to 33%, due to radiative recombi-
nation, thermalization, and unabsorbed photons [22].
Many studies have been proposed to enhance the per-
formance of QHEs. One promising approach is to utilize
the quantum coherence to yield higher output power [23–
25]. Recently, Dorfman et al. [18] have proposed that the
noise-induced coherence observed in photosynthetic reac-
tion centers (RCs) is helpful for boosting the photocur-
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rent by at least 27% compared to an equivalent classical
photocell. This enhancement is attributed to the Fano
interference [23–25], which originates from the coupling
of two levels to the same continuum. This interference ef-
fectively eliminates the radiative dissipation and enables
the optical systems to violate the detailed balance that
sets an intrinsic upper bound on the efficiency of light-
harvesting devices.
Additionally, Creatore et al. [19] alternatively utilize
the interference between the delocalized states to improve
the photocurrent by at least 35% compared to one with
only localized quantum states. Due to the interference,
the engine cycling route is significantly redirected, and
each transition rate is shown to be twice stronger than
the uncoupled donor case. A further generalization to
the case of three dipoles can be found in Ref. [26].
In these proposed models, the environments are as-
sumed to be Markovian for simplicity. However, Marko-
vian environments are not capable of maintaining robust
quantum coherence, which plays a crucial role in enhanc-
ing the performance of QHEs. In this work, we introduce
the coupling to the vibrational mode in PPCs [11–16, 27–
31]. From previous studies, it is suggested that certain
discrete vibrational modes coupled to the electronic ex-
citation of the RC cofactors should be treated on the
same footing as the RC system itself. Models with non-
Markovian coupling can explain the unusually long-lived
quantum coherence observed in PPCs and can reveal en-
hanced transport properties.
Our results show that the photocurrent and peak de-
livered power can be greatly enhanced up to 65 and
63% with elaborate parameters, respectively. Besides the
prominent enhancement under specific parameters, we
also find that the enhancement is more easily achieved
for a wide range of parameters. We attribute this im-
provement to the robust coherence induced by the non-
Markovian vibrational mode, which can modulate the
steady-state populations and result in the enhancement
of QHE performance.
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FIG. 1. (Color online) (a) A reaction center (RC) mainly consists of a chlorophyll dimer (D), two accessory chlorophyll (Chl)
molecules, two accessory pheophytin (Pheo) molecules, and two plastoquinone (Q) molecules. The excited electron is released
by the dimer and transferred to the Q2 molecule via the path specified by the black arrows. This process is referred to as
charge separation. (b) The five-level scheme adopted in Ref. [18] is used to simulate a quantum heat engine (QHE) inspired by
the RC charge separation cycle. The quantum coherence in the RC dimer is considered to be able to break the detailed balance
and thus enhance the efficiency of the QHE. (c) The refined model including the dipole-dipole interaction [19]. The delocalized
bright (|x1〉) and dark (|x2〉) states pave a new efficient route for the engine cycle. In addition, the energy loss channel via the
electron-hole recombination with the rate χΓ is also taken into account.
II. RC STRUCTURE AND BIOLOGICAL QHE
ASPECT
Before explicitly introducing our non-Markovian bio-
logical QHE model, it is worthwhile to discuss in de-
tail how a photosynthetic process can be viewed as a
cyclic engine model. An RC typically consists of a
pair of chlorophyll molecules, which form an electroni-
cally coupled dimer (D), two accessory chlorophyll (Chl)
molecules, two accessory pheophytin (Pheo) molecules,
and two plastoquinone (Q) molecules, arranged in two
branches associated to the D1 and D2 protein scaffold
[32–35], as shown in Fig. 1(a). Extensive efforts have
been devoted to identify the site where the electron
transfer initiates, and the subsequent transfer pathways.
There is evidence showing that two main donors signifi-
cantly contribute to the electron transfer process under
ambient conditions [36–38]. In our model, we suppose the
dimer D to be the primary electron donor. This is often
the case in bacterial RC, whereas some other species of
photosystem II RC use a different pathway which starts
at the accessory Chl of the D1 branch.
Each pigment is usually described by a two-level sys-
tem with a specific Qy transition energy. When the ab-
sorbed solar energy is transferred to the RC dimer, the
two dimer molecules would be excited from the ground
state |b〉 to their excited states, |D1〉 and |D2〉. This
transition is an incoherent exciting process described by
the Hamiltonian V̂h, which will be shown below. Sequen-
tially, an excited electron is released by the dimer and
transferred to the Q2 molecule via a specific path, shown
in Fig. 1(a), leaving a hole in the dimer. This process
is referred to as charge separation and is described by
the Hamiltonian V̂c in the following equation. Then, the
Q2 molecule will take the excited electron away from RC
and form an effective current I = eΓραα. Finally, a neu-
tral plastoquinone molecule and a de-excited electron will
compensate the positively charged RC with a rate Γc and
close the charge separation cycle.
In Ref. [18], Dorfman et al. simulate the charge sep-
aration cycle by using the five-level scheme shown in
Fig. 1(b). The free Hamiltonian of this scheme is given
by
ĤRC =
∑
j=1,2
~ωj |Dj〉〈Dj |
+~ωb|b〉〈b|+ ~ωα|α〉〈α|+ ~ωβ |β〉〈β|, (1)
where |α〉 is the charge-separated state and |β〉 is the pos-
itively charged RC state with a hole in the dimer. To-
gether with the dipole and rotating-wave approximations,
the dimer-reservoir interactions with hot (radiation) and
cold (ambient phonon) reservoirs, corresponding to the
incoherent excitation and charge separation, are given
by
V̂h =
∑
j=1,2
∑
k
~
(
g
(h)
j,k σˆb,j ⊗ hˆ†k + g(h)∗j,k σˆ†b,j ⊗ hˆk
)
(2)
and
V̂c =
∑
j=1,2
∑
k
~
(
g
(c)
j,kσˆα,j ⊗ cˆ†k + g(c)∗j,k σˆ†α,j ⊗ cˆk
)
, (3)
3where g
(h)
j,k (g
(c)
j,k) is the coupling strength of jth pig-
ment to hot (cold) reservoir mode k, σˆb,j = |b〉〈Dj |,
σˆα,j = |α〉〈Dj |, and hˆ†k and cˆ†k (hˆk and cˆk) are the cre-
ation (annihilation) operations of the hot and cold reser-
voirs with wave vector k, respectively.
Invoking the conventional second-order perturbative
treatment with respect to V̂h and V̂c, the Born-Markov
approximation, and the Weisskopf-Wigner approxima-
tion, the effect of the reservoirs can be described by the
Lindblad-type superoperators:
Rjkh(c) {ρ} =
γjkh(c)
2
[(
n¯jh(c) + 1
) (
σˆb(α),jρσˆ
†
b(α),k
+σˆb(α),kρσˆ
†
b(α),j − σˆ†b(α),kσˆb(α),jρ− ρσˆ†b(α),j σˆb(α),k
)
+n¯jh(c)
(
σˆ†b(α),jρσˆb(α),k + σˆ
†
b(α),kρσˆb(α),j
−σˆb(α),kσˆ†b(α),jρ− ρσˆb(α),kσˆ†b(α),j
)]
, (4)
where n¯jh are the photon occupations of the hot radia-
tion reservoir; n¯jc = [exp(~(ωj − ωα)/kBTa)− 1]−1 are
the average phonon number at ambient temperature Ta;
γjjh(c) = γjh(c) are the decay rates from |Dj〉 to |b〉(|α〉)
shown in Fig. 1(b), respectively; γ12h(c) = γ21h(c) is the
cross-couplings describing the effect of interference with
γ12h(c) =
√
γ1h(c)γ2h(c) for the fully coherent model and
γ12h(c) = 0 for the incoherent case.
Creatore et al. [19] further refined this model by con-
sidering the dipole-dipole interaction between the dimer
chlorophyll molecules:
ĤJ = J
(
pˆ+ pˆ†
)
, (5)
where pˆ = |D1〉〈D2| is the dipole operator. Due to the
dipole-dipole interaction, the eigenstates of the dimer be-
come the delocalized states |x1〉 and |x2〉, as shown in
Fig. 1(c).
Crucially, |x1〉 is a symmetric combination and |x2〉
is characterized by a relative phase of pi in the super-
position of the localized states. They are referred to as
bright and dark states, respectively, due to their different
optical transition properties. The optical transition rate
γh from b to x1 is twice stronger than in the uncoupled
dimer case, whereas the optical transition to x2 is forbid-
den. Moreover, the electron transition rate γc from x2
to α is also twice stronger. Namely, the two delocalized
eigenstates pave a new efficient route for the engine cycle
as shown in Fig. 1(c). In addition, the charge-separated
state |α〉 may lose its energy via electron-hole recombi-
nation and decay back to the ground state with a rate
χΓ.
Markovian environment
Commonly shared vibrational mode
FIG. 2. (Color online) Schematic illustration of our dimer
model. Besides the dipole-dipole interaction, the crucial ele-
ment of our model is the vibrational modes commonly shared
by the two dimer chlorophyll molecules. This dimer-vibration
interaction is treated non-Markovianly and helps resist the
decoherence from the Markovian environment.
III. NON-MARKOVIAN BIOLOGICAL QHE
MODEL
A. Model
Based on the molecular structure and the charge sep-
aration mechanism introduced in Sec. II, we propose a
non-Markovian QHE model which takes into account the
experimentally verified coupling to the discrete vibra-
tional modes [27, 28] in PPCs. Motivated by the exper-
imental reports that the highly correlated environment
is responsible for the long-lived quantum coherence and
non-Markovian behavior [4, 13], we specifically consider
the vibrational mode Ĥvib = ~ωqaˆ†qaˆq possessing the fre-
quency ωq resonant with dimer detuning ∆ω = ω1 − ω2.
The two dimer chlorophyll molecules share this common
vibrational mode via the interaction Hamiltonian
V̂vib =
∑
j=1,2
|Dj〉〈Dj | ⊗ ~
(
gj,qaˆ
†
q + g
∗
j,qaˆq
)
, (6)
where gj,q is the coupling strength and aˆ
†
q (aˆq) is the cre-
ation (annihilation) operator for the shared vibrational
mode with wave vector q. Note that we model the vibra-
tional mode based on the fact of narrow sharp peaks in
the spectral density function [27, 28], which leads to long
correlation time and implies the underdamped nature of
the vibrational mode.
It is critical to notice that the nature of correlated fluc-
tuations suggested by two-dimensional (2D) spectroscopy
may be different from the commonly shared vibrational
mode. However, an accurate atomic description of the
correlated fluctuations in the environment is quite chal-
lenging. Besides, the purpose of this work is not aiming
at precisely simulating RC dynamics but qualitatively
the impact of the vibrational mode on the efficiency of
4QHE. We therefore adopt the simplest way to reproduce
the high cross-correlation, by incorporating a common vi-
brational structure to mimic the correlated environmen-
tal fluctuations. Further discussions on this point and
how the common vibrational mode can give high cross-
correlation can be found in Appendix A. Hereafter, the
commonly shared vibrational mode will be renamed as
common mode for brevity.
Although the adequacy and functionality of the vibra-
tional motion are still under debate [39], a similar model
with common mode is adopted for simulating the oscil-
lations in 2D spectroscopy [11] and the effect of the indi-
vidual vibrational mode has been taken into account in
a recent photosynthetic QHE model [40].
Our dimer model is shown schematically in Fig. 2.
In addition to the Markovian environment played by
the physiological surrounding, the underdamped com-
mon mode is the new element in our model. In or-
der to catch the non-Markovian feature, our model puts
the common mode on the same footing as the RC itself
and treats the interaction in a non-perturbative man-
ner. Although the Markovian environment is harmful to
the quantum coherence, the long correlation time and
the non-Markovian effects of the underdamped common
mode can prolong the coherence time of the dimer and
help the QHE model resist the decoherence from the
Markovian environment.
B. Polaron transformation
Generically, the first step in dealing with the in-
teraction is to perform the unitary polaron transfor-
mation [41–43] with respect to the common mode
aˆq: H˜ = e
ŜĤe−Ŝ , where Ŝ =
∑
j=1,2 |Dj〉〈Dj | ⊗(
gj,q
ωq
aˆ†q − g
∗
j,q
ωq
aˆq
)
. The transformed free Hamiltonian
reads
H˜RC =
∑
j=1,2
~
(
ωj − |gj,q|
2
ωq
)
|Dj〉〈Dj |
+~ωb|b〉〈b|+ ~ωα|α〉〈α|+ ~ωβ |β〉〈β|. (7)
The first term on the right-hand side of Eq. (7) includes
the reorganization energy given by the common mode.
After transformation, Ĥvib remains intact and V̂vib is for-
mally eliminated. This does not imply that the dimer-
vibration interaction is canceled. Instead, it is depicted
by the transformed dipole-dipole interaction:
H˜J = J
(
pˆ⊗ X̂ + pˆ† ⊗ X̂†
)
, (8)
where X̂ = D̂1D̂
†
2, and D̂j = exp
[
gj,q
ωq
aˆ†q − g
∗
j,q
ωq
aˆq
]
is the
displacement operator.
C. Master equation for the RC-vibration joint
system
Akin to the previous works, the dimer-reservoir inter-
actions V̂h and V̂c are treated perturbatively. This results
in the Lindblad-type superoperators shown in Eqs. (4).
In addition to the RC electronic degrees of freedom, we
consider the RC-vibration joint master equation in the
interaction picture with respect to H˜RC + Ĥvib
∂
∂t
ρ˜(t) = − i
~
[
H˜J(t), ρ˜(t)
]
+
∑
j=1,2
Rjkh {ρ˜(t)}+Rjkc {ρ˜(t)}
+RΓ {ρ˜(t)}+RΓc {ρ˜(t)}+RχΓ {ρ˜(t)} .
(9)
The three additional Lindblad-type superoperators
RΓ {ρ˜(t)} = Γ
[
σˆβ,αρ˜(t)σˆ
†
β,α −
1
2
{
σˆ†β,ασˆβ,α, ρ˜(t)
}]
,
(10)
RΓc {ρ˜(t)} =
Γc
(
N¯c + 1
) [
σˆb,β ρ˜(t)σˆ
†
b,β −
1
2
{
σˆ†b,β σˆb,β , ρ˜(t)
}]
+ΓcN¯c
[
σˆβ,bρ˜(t)σˆ
†
β,b −
1
2
{
σˆ†β,bσˆβ,b, ρ˜(t)
}]
, (11)
and
RχΓ {ρ˜(t)} = χΓ
[
σˆb,αρ˜(t)σˆ
†
b,α −
1
2
{
σˆ†b,ασˆb,α, ρ˜(t)
}]
(12)
represent the transition α → β, β ↔ b, and recombina-
tion α→ b, respectively. The advantage of the Lindblad
prescription is that it enforces the coherence to evolve in
a physically consistent way. Here, we stress that even if
the joint system is governed by a Lindblad-type master
equation (9) and seemingly Markovian, this is not the
case if we consider the RC reduced dynamics by tracing
out the common mode. Non-Markovianity could be in-
duced due to the dimer-vibration interaction. For further
examples on the non-Markovian dynamics of a subsystem
out of a Markovian total system, please see Refs. [44, 45].
It should be noted that, compared with Dorfman’s
model, introducing the interaction to the common mode
would modify the Hamiltonian eigenstates, whereas we
assume that the non-unitary part of the master equa-
tion (9) is not significantly altered and inherits the same
Lindblad-type superoperators (up to a corresponding po-
laron transformation) as the one without dimer-vibration
coupling. This prescription is shown to be accurate pro-
vided two conditions are satisfied [46, 47]. One is that the
Hamiltonian transition frequencies are much larger than
the decay rate, and the other is that the spectrum of the
surrounding Markovian environment is relative flat and
featureless. These two conditions are met in our model.
This well justifies the usage of the Lindblad prescription.
5TABLE I. Parameters used in the calculations.
Figure 3 Figure 4 Figure 5 Figure 6
ω1 (cm
−1) 14856 14856 14856 14856
ω2 (cm
−1) 14756 14756 14756 14756
ωα (cm
−1) 13205 13205 13205 13205
ωβ (cm
−1) 1651 1651 1651 1651
ωb (cm
−1) 0 0 0 0
J (cm−1) 100 100 Varying 100
ωq (cm
−1) 100 100 100 100
S1,q (10
−3) 0.3 0.3 0.3 0.3
S2,q (10
−3) Varying Varying Varying 2
γ1h (cm
−1) 0.005 0.005 0.005 0.005
γ2h (cm
−1) 0.0016 0.0016 0.0016 0.0016
γc (cm
−1) 158 158 158 158
n¯1h 60000 60000 60000 60000
n¯2h 10000 10000 10000 10000
Ta (K) 300 300 300 300
1/τ2 (cm
−1) 41 41 41 41
Γ (cm−1) 1000 1000 1000 Varying
Γc (cm
−1) 200 200 200 200
χ 20% 20% 20% 20%
IV. STEADY-STATE CURRENT AND POWER
ENHANCEMENT
We develop an analytical method to solve the steady-
state solutions of the master equation (9). It should be
noted that, in solving the steady-state solutions, we intro-
duce a decoherence channel phenomenologically with the
decoherence time τ2 to simulate the effect of physiological
surroundings. Details can be found in the Appendices.
As stated in Sec. II, the current is formed by taking the
excited electron away. The corresponding voltage is de-
fined as the chemical potential difference between the two
states α and β, eV ≡ µα − µβ . By using the Boltzmann
distribution, ρjj ∝ exp [− (~ωj − µj) /kBTa], the output
voltage can be expressed in terms of the RC steady-state
population:
eV = ~ωα − ~ωβ + kBTa ln
(
ραα
ρββ
)
. (13)
All the parameters used in the following calculations
are listed in Table I. Most of the RC parameters are taken
from the overdamped regime in Ref. [18] with some Qy
altered energies, for which the greatest enhancement in
the current is up to 27%, while the coupling strength gj,q
to the common mode in Eq. (6) is usually expressed by
an experimentally measurable quantity, the Huang-Rhys
factor (Sj,q = |gj,q|2/ω2q). Due to the magnitude of the
Huang-Rhys factor used in this work, the reorganization
energy in Eq. (7) is negligibly small compared with the
Qy transition energy of each molecule. To investigate
the dependence on the individual couplings to the cold
reservoir, we fix γc = γ1c + γ2c.
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FIG. 3. (Color online) The current enhancement (I −
IMAR)/IMAR as functions of the ratio γ1c/γc and the Huang-
Rhys factor S2,q. The coupling to the common mode mainly
gives the enhancement if γ1c is weak, whereas the current is
suppressed if γ1c is strong. The two horizontal gray dashed
lines denote S2,q = 0.002 and 0.0006, respectively.
In Fig. 3, we show the relative current enhancement
(I − IMAR)/IMAR, where I (IMAR) is the steady-state
current of our QHE model (the incoherent Markovian
model). When S2,q is small, the steady-state current is
mostly suppressed in the presence of the common mode.
However, when S2,q increases, the common mode can sig-
nificantly enhance the current by up to 65% if γ1c is weak,
whereas the current is still suppressed if γ1c is strong.
Similar results can also be found in Refs. [18, 19], where
the performance of QHEs is not always enhanced even in
the presence of coherence. To understand the underlying
reason of these results, it deserves deeper investigations.
Since the current is proportional to the population, it is
intriguing to see how the steady-state population changes
with the parameters.
To illustrate this, in Fig. 4, we compare ραα when the
RC reaches the steady-state operation of the fully coher-
ent Markovian model (red curve), the incoherent Marko-
vian model (black curve), and our QHE (blue curves)
for S2,q = 0.002 and 0.0006 (corresponding to the two
gray dashed lines in Fig. 3). It can be seen that, com-
paring both Markovian models, the coherence can re-
sult in significant enhancement only when γ1c is much
larger than γ2c. The strong enhancement obtained in
Ref. [18] corresponds to the right vertical gray dashed
line at γ1c/γc = 0.886. On the other hand, the pop-
ulation profiles of our model are lifted when increasing
S2,q. One therefore can obtain an enhancement within a
60.2 0.4 0.6 0.8 1
0.015
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0.035
S2,q = 0.6x10-3
S2,q = 2.0x10-3
ρα
α
FIG. 4. (Color online) The steady-state populations of ραα
as a function of the ratio γ1c/γc for fully coherent Markovian
model (red curve), incoherent Markovian model (black curve),
and our non-Markovian QHE (blue curves) at S2,q = 0.002
and 0.0006. Steady-state population profiles are modulated
with increasing S2,q. The QHE performance can easily be
enhanced within a wider range in the presence of the com-
mon mode, even if γ1c is slightly less than γ2c, while quan-
tum coherence can increase the steady-state population in the
Markovian model only when γ1c is much larger than γ2c.
wider range in the presence of the common mode, even if
γ1c is slightly less than γ2c. This shows that, to achieve
the enhancement, the robustness of quantum coherence
is also a key ingredient. Consequently, the common mode
is helpful in achieving enhancement. This improvement
results from the long-lived coherence induced by the com-
mon mode, which gives rise to the Fano interference [23–
25] and enhances/suppresses some absorption/emission
processes. Therefore, the steady-state populations are
modulated.
Besides the common mode, the presence of dipole-
dipole interaction Eq. (5), resulting in the delocalized
states, also alters the properties of the inter-molecular
coherence. To compare the coherence given by two dif-
ferent mechanisms, we also investigate the dependence of
relative current enhancement on the dipole-dipole inter-
action. The results are shown in Fig. 5 for S2,q = 0.002
and 0.0006 (corresponding to the two gray dashed lines
in Fig. 3). It can be seen that the current enhancement is
not sensitive to the coupling strength J . This reveals the
different utilities of the two mechanisms. The effect of
dipole-dipole interaction is mainly governed in the mas-
ter equation (9) and is not capable of recovering the lost
coherence. Therefore, the coherence associated to the
dipole-dipole interaction is fragile under the decoherence
process of the Markovian environment. On the other
hand, the common mode can prolong the coherence time
and has prominent impact on the QHE performance.
The current-voltage (I-V) characteristic in the steady
state limit is obtained by varying the rate Γ, from Γ = 0
to a large Γ. This corresponds to the transition from
the open circuit regime (I = 0 and V = VOC) to the
shortcut regime (I → ISC and V → 0). The power P is
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FIG. 5. (Color online) The current enhancement (I −
IMAR)/IMAR as functions of the ratio γ1c/γc and the dipole-
dipole interaction strength J for S2,q = 0.002 (upper panel)
and 0.0006 (lower panel), corresponding to the two gray
dashed lines in Fig. 3. The current enhancement does not
change significantly with J .
determined by the formula P = I · V. Figure 6 shows
the current (solid curves) and power (dashed curves) for
three models at S2,q = 0.002, (a) γ1c/γc = 0.1, and
(b) γ1c/γc = 0.886, corresponding to the two vertical
gray dashed lines in Fig. 4. Figure 6(a) shows the re-
sults of γ2c > γ1c. The current is enhanced by roughly
65% in our non-Markovian QHE model compared with
the incoherent Markovian one, whereas the current and
power are slightly suppressed in the coherent Markovian
model. And the resultant peak power is enhanced by
about 63%. On the other hand, Fig. 6(b) shows the re-
sults of γ1c > γ2c. The overall performance of the coher-
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FIG. 6. (Color online) Steady-state I-V characteristic (solid
curves) and power (dashed curves) as a function of voltage
for fully coherent Markovian model (red curves), incoher-
ent Markovian model (black curves), and our non-Markovian
QHE (blue curves) at (a) γ1c/γc = 0.1 and (b) γ1c/γc = 0.886.
In (a), the result corresponds to a weaker value of γ1c. The
current and peak delivered power are enhanced by roughly
65% and 63% in the non-Markovian QHE model, respectively,
whereas the performance is slightly suppressed in the coher-
ent Markovian model. In (b), the result corresponds to a
stronger value of γ1c and our QHE model fails to improve the
performance.
ent Markovian model is enhanced due to the presence of
coherence; while our non-Markovian QHE model fails to
improve the performance.
V. CONCLUSIONS
We make a brief survey on the structure and mecha-
nism of the photosynthetic RC. This inspires us to con-
struct a non-Markovian QHE model taking into account
the effect of vibrational modes verified experimentally.
To reproduce the high cross-correlation suggested by the
2D spectroscopy experiments, we assume that the vibra-
tional modes are commonly shared by the dimer in RC.
We specifically consider one vibrational mode resonant
with the RC dimer and treat it on equal footing as the
RC itself.
We first find that in the presence of the common mode
the steady-state current can be greatly enhanced by up
to 65% if γ2c is much stronger than γ1c. On the other
hand, the current is suppressed if γ1c is stronger or S2,q
is not strong enough. To further understand the func-
tionality of the common mode, we investigate how the
steady-state population depends on the other parame-
ters. We find that the steady-state population of our
model is lifted with increasing coupling to the common
mode. One can easily obtain enhanced QHE performance
within a wider range even if γ1c is slightly less than γ2c in
the presence of common mode. We attribute this benefit
to the robust coherence induced by the common mode,
which modulates the steady-state population profiles and
results in the enhancement of QHE performance. Fur-
thermore, even if the dipole-dipole interaction is also re-
lated to the coherence, the current enhancement is not
sensitive to the coupling strength J . Consequently, not
only the coherence itself, but also the robustness is criti-
cal for enhancing the QHE performance. These elucidate
the utilities of the common mode in QHE.
We finally calculate the steady-state current and peak
power delivery for the three models for two different
cases. As expected, we conclude that with a stronger
value of γ2c the current and the peak delivered power
can exceed the incoherent Markovian ones by about 65%
and 63%, whereas the common mode fails to improve the
performance of QHE for the case of γ1c > γ2c.
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8Appendix A: CORRELATED ENVIRONMENTAL FLUCTUATIONS AND COMMON MODE
As mentioned in the main text, models with correlated environmental fluctuations are often used to simulate the
exciton dynamics in 2D-spectroscopy. The following Hamiltonian is frequently adopted:
Ĥcor =
∑
j,k=1,2
|Dj〉〈Dk|
(
δj,k(~ωj + Âj) + (1− δj,k)J
)
+ Ĥbath, (A1)
where Âj is the operator on the bath associated to site |Dj〉. In such a model, the interaction of different modes
within the bath is not explicitly considered. The correlated fluctuations is described via the site correlation and
cross-correlation functions
Cj,k(t) = 〈Âj(t)Âk(0)〉, (A2)
where Âj(t) = exp
(
iĤbatht/~
)
Âj exp
(
−iĤbatht/~
)
. The extent to which the fluctuations associated to each site
are correlated is characterized by a parameter c:
C12 = c
√
C11C22. (A3)
The fluctuations is called to be highly correlated when c approaches 1.
If we further assume that Âj = |gj |Â and Â = aˆ†q+ aˆq, it is easy to see that c = 1 and this corresponds to our model
with real coupling strength gj,q in Eq. (6). Namely, our model can be considered as the simplest way to reproduce
the unital cross-correlation.
Appendix B: SOLUTIONS TO THE RC-VIBRATION JOINT MASTER EQUATION
Now we present an analytical method to solve the steady-state solutions of Eq. (9) in the Appendices. Performing
a formal time integral on both sides, we can obtain the formal solution to the RC-vibration joint density matrix:
ρ˜(t) = ρ(0)− i
~
∫ t
0
[
H˜J(τ), ρ˜(τ)
]
dτ +
∫ t
0
∑
µ
Rµ {ρ˜(τ)} dτ, (B1)
where the last term on the right-hand side is the summation over all Lindblad-type superoperators in Eq. (9). Recall
that, in the interaction picture, the expectation value of a polaron-transformed operator O˜(t)
〈Ô〉t = Tr
(
ρ(t)Ô
)
= Tr
(
ρ˜(t)O˜(t)
)
(B2)
is defined as tracing over the RC-vibration joint system. Similarly, the one for the dipole operator reads
〈pˆ〉t = Tr (ρ˜(t)p˜(t)) , (B3)
where p˜(t) = pˆei(ω1−ω2)t ⊗ X̂(t) is the polaron-transformed dipole operator in the interaction picture.
With these definitions, it is convenient to derive the equations of motion for the reduced RC density matrix
directly from the formal solution Eq. (B1). Applying the Born approximation, namely, ρ˜(t) = ρ˜RC(t) ⊗ ρvib with
ρvib = exp
[
− ĤvibkBTa
]
/Z being the thermal state of the common mode, one obtains a set of coupled integral equations
straightforwardly via explicitly expanding Eq. (B1) or multiplying Eq. (B1) with p˜(t) and p˜†(t) and performing the
trace:
ρ11(t)− ρ11(0) = − i~J
∫ t
0
[〈pˆ〉τ − 〈pˆ†〉τ ] dτ − γ1h ∫ t
0
[(n¯1h + 1)ρ11(τ)− n¯1hρbb(τ)] dτ
−γ1c
∫ t
0
[(n¯1c + 1)ρ11(τ)− n¯1cραα(τ)] dτ −
[γ12h
2
(n¯2h + 1) +
γ12c
2
(n¯2c + 1)
] ∫ t
0
[〈pˆ〉τ + 〈pˆ†〉τ ] dτ,
ρ22(t)− ρ22(0) = i~J
∫ t
0
[〈pˆ〉τ − 〈pˆ†〉τ ] dτ − γ2h ∫ t
0
[(n¯2h + 1)ρ22(τ)− n¯2hρbb(τ)] dτ
−γ2c
∫ t
0
[(n¯2c + 1)ρ22(τ)− n¯2cραα(τ)] dτ −
[γ12h
2
(n¯1h + 1) +
γ12c
2
(n¯1c + 1)
] ∫ t
0
[〈pˆ〉τ + 〈pˆ†〉τ ] dτ,
9〈pˆ〉t − 〈pˆ〉0 = − i~J
∫ t
0
ei(ω1−ω2)(t−τ) [ρ11(τ)C(t− τ)− ρ22(τ)C∗(t− τ)] dτ
−
∑
j,µ
γjµ
2
(n¯jµ + 1) +
1
τ2
∫ t
0
ei(ω1−ω2)(t−τ)〈pˆ〉τdτ
−γ12h
2
∫ t
0
ei(ω1−ω2)(t−τ) [(n¯1h + 1)ρ11(τ)C(t− τ) + (n¯2h + 1)ρ22(τ)C∗(t− τ)] dτ
+
γ12h
2
(n¯1h + n¯2h)
∫ t
0
ei(ω1−ω2)(t−τ)ρbb(τ)C ′(t− τ)dτ
−γ12c
2
∫ t
0
ei(ω1−ω2)(t−τ) [(n¯1c + 1)ρ11(τ)C(t− τ) + (n¯2c + 1)ρ22(τ)C∗(t− τ)] dτ
+
γ12c
2
(n¯1c + n¯2c)
∫ t
0
ei(ω1−ω2)(t−τ)ραα(τ)C ′(t− τ)dτ,
〈pˆ†〉t − 〈pˆ†〉0 = i~J
∫ t
0
e−i(ω1−ω2)(t−τ) [ρ11(τ)C∗(t− τ)− ρ22(τ)C(t− τ)] dτ
−
∑
j,µ
γjµ
2
(n¯jµ + 1) +
1
τ2
∫ t
0
e−i(ω1−ω2)(t−τ)〈pˆ†〉τ
−γ12h
2
∫ t
0
e−i(ω1−ω2)(t−τ) [(n¯1h + 1)ρ11(τ)C∗(t− τ) + (n¯2h + 1)ρ22(τ)C(t− τ)] dτ
+
γ12h
2
(n¯1h + n¯2h)
∫ t
0
e−i(ω1−ω2)(t−τ)ρbb(τ)C ′∗(t− τ)dτ
−γ12c
2
∫ t
0
e−i(ω1−ω2)(t−τ) [(n¯1c + 1)ρ11(τ)C∗(t− τ) + (n¯2c + 1)ρ22(τ)C(t− τ)] dτ
+
γ12c
2
(n¯1c + n¯2c)
∫ t
0
e−i(ω1−ω2)(t−τ)ραα(τ)C ′∗(t− τ)dτ,
ραα(t)− ραα(0) =
∑
j=1,2
γjc
∫ t
0
[(n¯jc + 1)ρjj(τ)− n¯jcραα(τ)] dτ − Γ(1 + χ)
∫ t
0
ραα(τ)dτ
+
γ12c
2
(n¯1c + 1 + n¯2c + 1)
∫ t
0
[〈pˆ〉τ + 〈pˆ†〉τ ] dτ,
ρββ(t)− ρββ(0) = −Γc
∫ t
0
[
(N¯c + 1)ρββ(τ)− N¯cρbb(τ)
]
dτ + Γ
∫ t
0
ραα(τ)dτ,
ρbb(t)− ρbb(0) =
∑
j=1,2
γjh
∫ t
0
[(n¯jh + 1)ρjj(τ)− n¯jhραα(τ)] dτ + χΓ
∫ t
0
ραα(τ)dτ
+Γc
∫ t
0
[
(N¯c + 1)ρββ(τ)− N¯cρbb(τ)
]
dτ +
γ12h
2
(n¯1h + 1 + n¯2h + 1)
∫ t
0
[〈pˆ〉τ + 〈pˆ†〉τ ] dτ, (B4)
where C(t− τ) = Tr
[
ρvibX̂(t)X̂
†(τ)
]
and C ′(t− τ) = Tr
[
ρvibD̂
†
1(τ)X̂(t)D̂2(τ)
]
are the correlation functions. For the
single common mode in our QHE model, the correlation functions can be calculated as C(t − τ) = exp [−Φ(t− τ)]
and C ′(t− τ) = exp [−Φ′(t− τ)] with
Φ(t) =
|∆gq|2
ω2q
[
(1− cos(ωqt)) coth
(
~ωq
2kBTa
)
+ i sin(ωqt)
]
,
Φ′(t) =
|∆gq|2
ω2q
(1− cos(ωqt)) coth
(
~ωq
2kBTa
)
− i |g1,q|
2 − |g2,q|2
ω2q
sin(ωqt), (B5)
with ∆gq = g1,q − g2,q for real gj,q. These correlation functions become one when the coupling strength to the
common mode are the same. This reflects the fact that the common mode itself is underdamped.
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Appendix C: LAPLACE TRANSFORMATION OF THE INTEGRAL EQUATIONS
The time-convolution integral in Eqs. (B4) seriously prevents us from obtaining an analytical solution. An alter-
native way is to invoke the Laplace transformation, defined as L{f(t)} = ∫∞
0
e−stf(t)dt, transforming the coupled
integral equations into a set of linear algebraic equations with the prescriptions L{∫∞
0
f(t− τ)g(τ)dτ} = L{f}·L {g}
and L{∫∞
0
f(τ)dτ
}
= L{f} /s. The transformed equations can be formally expressed as a linear equation:
M · ~ρLRC(s) = ~ρRC(0), (C1)
where ~ρLRC(s) are the Laplace transformed RC density matrix elements aligned into a column vector. Then, the usual
Cramer’s rule is helpful for solving the linear equation.
After careful analysis of the residue properties, we acquire that the steady-state solution in time space is in fact
the residue at s = 0. This observation greatly reduces the necessary effort in our work.
Appendix D: LAPLACE TRANSFORMATION OF THE CORRELATION FUNCTIONS
A key element in solving Eq. (C1) consists of the Laplace transformation of the correlation functions. With the
help of Bessel’s generating function:
e
x
2 (t−t−1) =
∞∑
n=−∞
Jn(x)t
n. (D1)
Here we explicitly write down the results:
L{C(t)} (s) = e−
|∆gq|2
ω2q
coth
( ~ωq
2kBT
) ∞∑
n=−∞
∞∑
m=0
Jn
(
− |∆gq|2ω2q
)( |∆gq|2
ω2q
coth
(
~ωq
2kBTa
))m
m!
×
bm2 c∑
j=0
m!
(m−2j)!ω
2j
q (s− inωq)∏j
k=0
(
(s− inωq)2 + (m− 2k)2ω2q
) , (D2)
L{C ′(t)} (s) = e−
|∆gq|2
ω2q
coth
( ~ωq
2kBTa
) ∞∑
n=−∞
∞∑
m=0
Jn
( |g1,q|2−|g2,q|2
ω2q
)( |∆gq|2
ω2q
coth
(
~ωq
2kBT
))m
m!
×
bm2 c∑
j=0
m!
(m−2j)!ω
2j
q (s− inωq)∏j
k=0
(
(s− inωq)2 + (m− 2k)2ω2q
) , (D3)
with ∆gq = g1,q − g2,q for real gj,q.
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